
Lecture 11
2025/2026



 2C/1L, MDCR
 Attendance at minimum 7 sessions (course or 

laboratory)
 Lectures- associate professor Radu Damian
▪ Tuesday 12-14, P2

▪ E – 50% final grade

▪ problems + (2p atten. lect.) + (3 tests) + (bonus 
activity)
▪ first test L1: 24.02.2026 (t2 and t3 not announced, lecture)

▪ 3att.=+0.5p

▪ all materials/equipments authorized



 Laboratory – associate professor Radu Damian

▪ Monday 14-16, II.13 / (even weeks)

▪ L – 25% final grade

▪ ADS, 4 sessions 

▪ Attendance + personal results

▪ P – 25% final grade

▪ ADS, 3 sessions (-1? 24.02.2026)

▪ personal homework



Impedance Matching
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 Shunt Stub



 Series Stub
 difficult to realize in single conductor line 

technologies (microstrip)



Exam / Project



 Shunt Stub 𝜃

𝜃𝑠𝑝
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 The sign (+/-) chosen for the series line equation 
imposes the sign used for the shunt stub equation 
▪ “+” solution

▪ “-” solution
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 We choose one of the two possible solutions
 The sign (+/-) chosen for the series line equation 

imposes the sign used for the shunt stub equation
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 Series Stub
 difficult to realize in single conductor line 

technologies (microstrip) 𝜃

𝜃𝑠𝑠
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 The sign (+/-) chosen for the series line equation 
imposes the sign used for the series stub equation
▪ “+” solution

▪ “-” solution
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 We choose one of the two possible solutions
 The sign (+/-) chosen for the series line equation 

imposes the sign used for the series stub equation

( ) 




−

+
=

335.1

335.1
Im Sz





+

=+−
=

8.36

2.1431808.36
ss( )





−

+
=+

28.56

28.56
2








=

8.166

1.43


 =



= 120.0

360

1.43
1l

 =



= 102.0

360

8.36
2l

 =



= 463.0

360

8.166
1l

 =



= 398.0

360

2.143
2l



 adding or subtracting 180° (λ/2) doesn’t change 
the result (full rotation around the Smith Chart) 

▪ if the lines/stubs result with negative  “length”/ 
“electrical length” we add λ/2 / 180° to obtain 
physically realizable lines

 adding or subtracting 90° (λ/4) change the stub 
impedance:

▪ for the stub we can add or subtract 90° (λ/4) while in 
the same time changing open-circuit  short-circuit
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 Transmission lines
 Impedance matching and tuning
 Directional couplers
 Power dividers
 Microwave amplifier design
 Microwave filters
 Oscillators and mixers ?
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 For an amplifier two-port we are interested in:
▪ stability
▪ power gain
▪ noise (sometimes – small signals)
▪ linearity (sometimes – large signals)



 We obtain the equation of a circle in the 
complex plane, which represents the locus of 
ΓL for the limit between stability and 
instability (|Γin| = 1)

 This circle is the output stability circle (ΓL)
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 |Γ| = 1 → log10|Γ| = 0, the intersection with the 
plane z = 0 is a circle
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 ATF-34143 at Vds=3V  Id=20mA.
 @0.518GHz
 unconditionally stable for f > 6.31GHz



 For an amplifier two-port we are interested in:
▪ stability
▪ power gain
▪ noise (sometimes – small signals)
▪ linearity (sometimes – large signals)



 Two ports in which matching influences the 
power transfer

Pav S Pin
Pav L PL



 Available power gain
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 Transducer power gain
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 Unilateral transducer power gain
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 Maximum power gain (complex conjugate matching):

 For lossless matching sections

 For the general case of the bilateral transistor (S12≠0) 
Γin and Γout depend on each other so the input and 
output sections must be matched simultaneously

*
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 Simultaneous matching can be achieved if 
and only if the amplifier is unconditionally 
stable at the operating frequency, and |Γ|<1 
solutions are those with “–” sign of quadratic 
solutions
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 Assumes the amplifier device unilateral

 Maximum power gain
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 Allows estimation of the error introduced by 
the unilateral assumption

 We compute U then the maximum and 
minimum deviation of GTU from GT

▪ this deviation must be accounted in the design as 
a reserve gain against the target gain
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 In the unilateral assumption:
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 Equation of a circle in the complex plane where ΓS is 
plotted

 Interpretation: Any reflection coefficient ΓS which 
plotted in the complex plane lies on the circle drawn for 
gcircle = Gcircle/GSmax will lead to a gain GS = Gcircle

▪ Any reflection coefficient ΓS plotted outside this circle will 
lead to a gain GS < Gcircle

▪ Any reflection coefficient ΓS plotted inside this circle will 
lead to a gain GS > Gcircle
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 For an amplifier two-port we are interested in:
▪ stability
▪ power gain
▪ noise (sometimes – small signals)
▪ linearity (sometimes – large signals)



 The noise figure F, is a measure of the reduction in signal-
to-noise ratio between the input and output of a device, 
when (by definition) the input noise power is assumed to 
be the noise power resulting from a matched resistor at T0 
= 290 K (reference noise conditions)
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 Friis Formula (!linear scale)
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 The locus in the complex plane ΓS of the points with 
constant noise figure is a circle

 Interpretation: Any reflection coefficient ΓS which plotted 
in the complex plane lies on the circle drawn for Fcircle will 
lead to a noise factor F = Fcircle

▪ Any reflection coefficient ΓS plotted outside this circle will lead 
to a noise factor F > Fcircle

▪ Any reflection coefficient ΓS plotted inside this circle will lead to 
a noise factor F < Fcircle
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 Usually a transistor suitable for implementing an LNA 
at a certain frequency will have input gain circles and 
noise circles in the same area for ΓS



 We plot on the complex plane (Smith Chart) the 
stability/gain/noise circles (depending on the particular 
application)

 We choose a point with a suitable position relative to these 
circles (also application dependent)

 We determine the input reflection coefficient corresponding 
to this point, S

−= 966.177412.0S







 this structure is frequently encountered in 
radiocommunication systems

kTBPn =



 Two ways of implementing filters in microwave 
frequency range

▪ microwave specific structures (coupled lines, dielectric 
resonators, periodic structures)

▪ filter synthesis with lumped elements followed by 
implementation with transmission lines

 the first strategy leads to more efficient filters 
but:

▪ has lower generality

▪ design is often difficult (lack of analytical relationships)



 Filter is designed with lumped elements (L/C) 
followed by implementation with distributed 
elements (transmission lines)

▪ general

▪ analytical relationships easy to implement on the 
computer

▪ efficient

 The preferred procedure is insertion loss 
method



 In the insertion loss method, we are passing 
an intermediate stage (low pass prototype) in 
order to obtain any type of filter, with 
controlled specifications



 We control the power loss ratio/attenuation 
introduced by the filter:

▪ in the passband (pass all frequencies)

▪ in the stopband (reject all frequencies)



 |Γ(ω)|2 is an even function of ω

 Choosing M and N polynomials appropriately 
leads to a filter with a completely specified 
frequency response
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 Attenuation
▪ in passband

▪ in stopband

▪ most often in dB
 Frequency range
▪ passband

▪ stopband 

▪ cutoff frequency ω1’ 
usually normalized 
(= 1)



 We choose the right polynomials to design an 
low-pass filter (prototype)

 The low-pass prototype are then converted  
to the desired other types of filters

▪ low-pass, high-pass, bandpass, or bandstop



 Maximally flat filters (Butterworth, binomial): 
provide the flattest possible passband response

 Equal ripple filters (Chebyshev): provide a 
sharper cutoff but the passband response will 
have ripples

 Elliptic function filters, they have equal-ripple 
responses in the passband as well as in the 
stopband,

 Linear phase filters, offer linear phase response 
in the passband to avoid signal distortion 
(important in some applications)







 Polynomial

 For

 attenuation increases
at a rate of 20·N dB/decade

 k gives the attenuation at cutoff frequency  
(3dB cutoff imposes k = 1)
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 Polynomial

 For

 attenuation increases
at a rate of 20·N dB/decade (also)

 attenuation is (22N)/4 greater than the binomial 
response at any given frequency where

 the passband ripples: 1 + k2, k gives the ripple
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 !attenuations in dB 
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 !attenuations in dB 




























−

−


−

−

1

1

10

10
1

'

'
cosh

110

110
cosh



 s

L

L

Ar

As

n



Attenuation versus normalized frequency for 
maximally flat filter prototypes



Attenuation versus normalized frequency for 
equal-ripple filter prototypes (3dB)



Attenuation versus normalized frequency for 
equal-ripple filter prototypes (0.5dB)





 Prototype filters are:
▪ Low-Pass Filters (LPF)
▪ cutoff frequency ω0 = 1 rad/s (f0 = 0.159 Hz)
▪ connected to a source with R = 1Ω

 The number of reactive elements  (L/C) is the 
order of the filter (N)

 Reactive elements are alternated: series L / 
shunt C

 There two prototypes with the same response, a 
prototype beginning with a shunt C element, 
and a prototype beginning with a series L 
element



 We define filter parameters gi, i=0,N+1
 gi are the element values in the prototype 

filter
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 Formulas for filter parameters 
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 Formulas for filter parameters (iterative)
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 For even N order of 
the filter (N = 2, 4, 6, 
8 ...) equal-ripple 
filters must closed by 
a load impedance 
gN+1 ≠ 1

 If the application 
doesn’t allow this, 
supplemental 
impedance matching 
is required  (quarter-
wave transformer, 
binomial ...) to gL = 1



 Design a 3rd order bandpass filter with 0.5 
dB ripples in passband. The center frequency 
of the filter should be 1 GHz. The fractional 
bandwidth of the passband should be 10%, 
and the impedance 50Ω.



 0.5dB equal-ripple table or design formulas:

▪ g1 = 1.5963 = L1/C3,

▪ g2 = 1.0967 = C2/L4,

▪ g3 = 1.5963 = L3/C5,

▪ g4=1.000 =RL



 ω0 = 1 rad/s (f0 = ω0 / 2π = 0.159 Hz)



 After computing prototype filter’s elements:

▪ Low-Pass Filters (LPF)

▪ cutoff frequency ω0 = 1 rad/s (f0 = 0.159 Hz)

▪ connected to a source with R = 1Ω

 component values can be scaled in terms of 
impedance and frequency



 LPF Prototype is only used as an intermediate 
step

▪ Low-Pass Filter (LPF)

▪ cutoff frequency ω0 = 1 rad/s (f0 = 0.159 Hz)

▪ connected to a source with R = 1Ω



 To design a filter which will work with a 
source resistance of R0 we multiplying all the 
impedances of the prototype design by R0 
(" ' " denotes scaled values)

LRL = 0

0R

C
C =

( )10 == ss RRR
LL RRR = 0



 changing the cutoff frequency – (fig. b)
 changing the type (for example LPF → HPF – 

fig. c) requires also conversion

scaling

scaling and conversion



 To change the cutoff frequency of a low-pass 
prototype from unity to ωc we apply a 
variable substitution

c


 



 To change the cutoff frequency of a low-pass 
prototype we apply a variable substitution:

 Equivalent to the widening of the power loss 
filter response
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 New element values for frequency scaling:

 When both impedance and frequency scaling 
are required:
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 Variable substitution for LPF → HPF:




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 Variable substitution for LPF → HPF :

 Impedance scaling can be included

 In the schematic series inductors must be 
replaced with series capacitors, and shunt 
capacitors must be replaced with shunt inductors
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 Variable substitution for LPF → BPF:

 where we use the fractional bandwidth of the 
passband and the center frequency
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 A series inductor in the prototype filter is 
transformed to a series LC circuit in series

 A shunt capacitor in the prototype filter is 
transformed to a shunt LC circuit in parallel
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 A series inductor in the prototype filter is 
transformed to a shunt LC circuit in series

 A shunt capacitor in the prototype filter is 
transformed to a series LC circuit in parallel
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 Design a 3rd order bandpass filter with 0.5 dB 
ripples in passband. The center frequency of 
the filter should be 1 GHz. The fractional 
bandwidth of the passband should be 10%, 
and the impedance 50Ω.

sradGHz /10283.612 9

0 == 

1.0=



 0.5dB equal-ripple table or design formulas:

▪ g1 = 1.5963 = L1/C3,

▪ g2 = 1.0967 = C2/L4,

▪ g3 = 1.5963 = L3/C5,

▪ g4=1.000 =RL



 ω0 = 1 rad/s (f0 = ω0 / 2π = 0.159 Hz)
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 The lumped-element (L, C) filter design generally 
works well only at low frequencies (RF):

▪ lumped-element inductors and capacitors are generally 
available only for a limited range of values, and can be 
difficult to implement at microwave frequencies

▪ difficulty to obtain the (very low) required tolerance for 
elements



 Impedance seen at the input  of a line loaded 
with ZL

 We prefer the load impedance to be:
▪ open circuit (ZL = ∞)

▪ short circuit (ZL = 0)
 Input impedance is:
▪ capacitive

▪ inductive

𝑍𝑖𝑛 = 𝑍0 ⋅
𝑍𝐿 + 𝑗 ⋅ 𝑍0 ⋅ tan𝛽 ⋅ 𝑙

𝑍0 + 𝑗 ⋅ 𝑍𝐿 ⋅ tan𝛽 ⋅ 𝑙

𝑍𝑖𝑛,𝑠𝑐 = 𝑗 ⋅ 𝑍0 ⋅ tan 𝛽 ⋅ 𝑙

𝑍𝑖𝑛,𝑜𝑐 = −𝑗 ⋅ 𝑍0 ⋅ cot 𝛽 ⋅ 𝑙

𝑍𝑖𝑛,𝑠𝑐 = 𝑗 ⋅ 𝑋𝐿

𝑍𝑖𝑛,𝑜𝑐 = 𝑗 ⋅ 𝑋𝐶 =
1

𝑗 ⋅ 𝐵𝐶
𝑍0

1

𝐶
tan𝛽 ⋅ 𝑙 𝜔

𝑍0 𝐿 tan𝛽 ⋅ 𝑙 𝜔



 Variable substitution

 With this variable substitution we define:
▪ reactance of an inductor

▪ susceptance of a capacitor

 The equivalent filter in Ω has a cutoff frequency 
at: 

Ω = tan𝛽 ⋅ 𝑙 = tan
𝜔 ⋅ 𝑙

𝑣𝑝

𝑗 ⋅ 𝑋𝐿 = 𝑗 ⋅ Ω ⋅ 𝐿 = 𝑗 ⋅ 𝐿 ⋅ tan𝛽 ⋅ 𝑙

𝑗 ⋅ 𝐵𝐶 = 𝑗 ⋅ Ω ⋅ 𝐶 = 𝑗 ⋅ 𝐶 ⋅ tan𝛽 ⋅ 𝑙

Ω = 1 = tan𝛽 ⋅ 𝑙 → 𝛽 ⋅ 𝑙 =
𝜋

4
→ 𝑙 =

𝜆

8



 allows implementation of the inductors and capacitors 
with lines after the transformation of the LPF prototype to 
the required type (LPF/HPF/BPF/BSF)



 By choosing the open-circuited or short-circuited lines 
to be λ/8 at the desired cutoff frequency (ωc) and the 
corresponding characteristic impedances (L/C from 
LPF prototype) we will obtain at frequencies around 
ωc a behavior similar to that of the prototype filter.
▪ At frequencies far from ωc the behavior of the filter will no 

longer be identical to that of the prototype (in specific 
situations the correct behavior must be verified)

▪ Frequency scaling is simplified: choosing the appropriate 
physical length of the line to have the electrical length λ/8 
at the desired cutoff frequency

 All lines will have equal electrical lengths (λ/8) and 
thus comparable physical lengths, so the lines are 
called commensurate lines



 At the frequency ω=2·ωc the lines will be λ/4 
long

 an supplemental attenuation pole will occur 
at 2·ωc (LPF):

▪ inductances (usually in series)

▪ capacitances (usually shunt)

𝑙 =
𝜆

4
⇒ 𝛽 ⋅ 𝑙 =

𝜋

2
⇒ tan𝛽 ⋅ 𝑙 → ∞

𝑍𝑖𝑛,𝑠𝑐 = 𝑗 ⋅ 𝑍0 ⋅ tan𝛽 ⋅ 𝑙 → ∞

𝑍𝑖𝑛,𝑜𝑐 = −𝑗 ⋅ 𝑍0 ⋅ cot 𝛽 ⋅ 𝑙 → 0



 the periodicity of tan function implies the 
periodicity of the filter implemented with lines

▪ the filter response will be repeated every 4·ωc

tan 𝛼 + 𝜋 = tan𝛼

ቚ𝛽 ⋅ 𝑙
𝜔=𝜔𝑐

=
𝜋

4
⇒

𝜔𝑐 ⋅ 𝑙

𝑣𝑝
=
𝜋

4
⇒ 𝜋 =

4 ⋅ 𝜔𝑐 ⋅ 𝑙

𝑣𝑝

𝑃𝐿𝑅 𝜔 = 𝑃𝐿𝑅 𝜔 + 4 ⋅ 𝜔𝑐𝑍𝑖𝑛 𝜔 = 𝑍𝑖𝑛 𝜔 + 4 ⋅ 𝜔𝑐 ⇒

𝑃𝐿𝑅 4 ⋅ 𝜔𝑐 = 𝑃𝐿𝑅 0 𝑃𝐿𝑅 3 ⋅ 𝜔𝑐 = 𝑃𝐿𝑅 −𝜔𝑐 𝑃𝐿𝑅 5 ⋅ 𝜔𝑐 = 𝑃𝐿𝑅 𝜔𝑐



 Low-pass filter 4th order, 4 GHz cutoff frequency, 
maximally flat design (working with 50Ω source 
and load)

 maximally flat table or formulas:
▪ g1 = 0.7654 = L1

▪ g2 = 1.8478 = C2

▪ g3 = 1.8478 = L3

▪ g4 = 0.7654 = C4

▪ g5 = 1 (does not need supplemental impedance 
matching – required only for even order equal-ripple 
filters)





𝜔𝑐 = 2 ⋅ 𝜋 ⋅ 4𝐺𝐻𝑧 = 2.5133 ⋅ 1010𝑟𝑎𝑑/𝑠

g1 = 0.7654 = L1,
g2 = 1.8478 = C2,

g3 = 1.8478 = L3,
g4 = 0.7654 = C4,
g5 = 1 = RL

𝐿1
′ =

𝑅0 ⋅ 𝐿1
𝜔𝑐

= 1.523𝑛𝐻 𝐶2
′ =

𝐶2
𝑅0 ⋅ 𝜔𝑐

= 1.470𝑝𝐹

𝐿3
′ =

𝑅0 ⋅ 𝐿3
𝜔𝑐

= 3.676𝑛𝐻 𝐶4
′ =

𝐶4
𝑅0 ⋅ 𝜔𝑐

= 0.609𝑝𝐹





 LPF Prototype parameters:
▪ g1 = 0.7654 = L1
▪ g2 = 1.8478 = C2
▪ g3 = 1.8478 = L3
▪ g4 = 0.7654 = C4

 Normalized line impedances
▪ z1 = 0.7654 = series / short circuit
▪ z2 = 1 / 1.8478 = 0.5412 = shunt / open circuit
▪ z3 = 1.8478 = series / short circuit
▪ z4 = 1/ 0.7654 = 1.3065 = shunt / open circuit

 Impedance scaling by multiplying with Z0 = 50Ω
 All lines must have the length equal to λ/8 

(electrical length E = 45°) at 4GHz

𝑍0
1

𝐶

𝑍0 𝐿





 Filters implemented with Richards’ Transformation
▪ beneficiate from the supplemental pole at 2·ωc

▪ have the major disadvantage of frequency periodicity, a supplemental 
non-periodic LPF must be inserted if needed

lumped 
elements

Richards’ 
commensurate 
lines



 For even N order of the filter (N = 2, 4, 6, 8 ...) 
equal-ripple filters must closed by a non-
standard load impedance gN+1 ≠ 1

 If the application doesn’t allow this, 
supplemental impedance matching is 
required  (quarter-wave transformer, 
binomial ...) to gL = 1

𝑔𝑁+1 ≠ 1 → 𝑅 ≠ 𝑅0 (50Ω)



 Same filter, 3dB equal-ripple
 3dB equal-ripple tables or formulas:
▪ g1 = 3.4389 = L1
▪ g2 = 0.7483 = C2
▪ g3 = 4.3471 = L3
▪ g4 = 0.5920 = C4
▪ g5 = 5.8095 = RL

 Line impedances
▪ Z1 = 3.4389·50Ω = 171.945Ω = series / short circuit
▪ Z2 = 50Ω / 0.7483 = 66.818Ω = shunt / open circuit
▪ Z3 = 4.3471·50Ω = 217.355Ω = series / short circuit
▪ Z4 = 50Ω / 0.5920 = 84.459Ω = shunt / open circuit
▪ RL = 5.8095·50Ω = 295.475Ω = load



maximum flat 
(4th ord)

3dB equal-ripple 
(4th ord.)



 Even order equal-ripple filters need output 
matching towards 50Ω for precise results. 
Example:

RL = 50Ω

RL = 295.48Ω



 Microwave and Optoelectronics Laboratory
 https://rf-opto.etti.tuiasi.ro
 rdamian@etti.tuiasi.ro
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